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In general, a graph admits z 2 1 essentially different triangular embeddings in the 
projective plane. The set of these z triangulations splits up into isomorphism classes. 
We determine the spectrum of possible values of T and all possible partitions of t 
into the cardinalities of such classes. 0 1992 Academrc Press, Inc 
1. BACKGROUND AND MOTIVATION 
Historically, the questions of the following kind are mainly studied in 
topological graph theory: 
Question 1.1. Can a graph G be embedded in a surface F? 
The question about the variety of embeddings G + B undeservedly 
remains in the shadow, although, in topological manifold theory, the 
embedding problem is raised thus [2] : ascertain (i) whether a manifold M, 
can be embedded in a manifold M2 and (ii) how many essentially different 
ways of embedding M, + M, there exist. In manifold theory, two embed- 
dings are not distinguished up to orientation and isotopy. By analogy, it is 
reasonable to ask 
Question 1.2. In how many essentially different ways can G be 
embedded in .F? 
In graph theory, we consider two cellular embeddings h,, h,: G + 9 as 
(essentially) different if there is a closed walk in G that bounds a face in h, 
but not in hZ. 
Apparently, the first substantial step towards answering Question 1.2 is 
taken by Hassler Whitney. His classical result [6] is that every planar 
3-connected graph G has a unique dual, whence G is one-way embeddable 
in the sphere. 
Yet the number of different embeddings G + F does not say all about 
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their variety since some of them may turn out isomorphic (as maps on 9) 
whereas others nonisomorphic. The complete information is given by the 
integer tuple var(G) introduced shortly. 
2. INTRODUCTION 
Let h: G + 9 be an embedding of a graph G in a certain 2-dimensional 
surface 9. Assuming each component of 9 -h(G) to be an (open) 2-cell, 
we call their closures faces of h. When each face is bounded by a 3-circuit 
and the intersection of any two of the faces is either empty or a vertex or 
an edge, h is called triangular or a triangulation of 9 with the graph G. 
Thus there are no multiedges in a triangulation. 
Two triangulations T’(G) and T’(G) of 9, both with a graph G, are 
considered as (essentially) different provided there exists a 3-circuit (u, v, w) 
in G which bounds a face in T’(G) but there is no face uvw in T’(G). 
Triangulations T1 and T2 are isomorphic provided there is a bijection 4 
between their vertex sets V( T,) and V( Tz) such that T, has a face uuw iff 
Tz has a face i(u) b(u) 4(w). We call # an &morphism T, + T2. Especially, 
an isomorphism q5 : T + T is called an automorphism of a triangulation T. 
By M, we denote the nonorientable closed 2-manifold of genus 1, i.e., the 
projective plane. We depict MI as a regular hexagon with each pair of its 
antipodal boundary points identified (Fig. 1). 
EXAMPLE 2.1. The three triangulations of Jv; shown in Figs. l(atl(c) 
each with one and the same graph, are all different. The 3-circuit (7, 5, 3) 
bounds a face in the triangulations (b) and (c) but not in (a); (1,4,2) 
bounds a face in (b) but not in (c). 
EXAMPLE 2.2. Different triangulations may be isomorphic but not 
(b) Cc) 
FIGURE I 
582b/S4/2-3 
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necessarily: (b) and (c) are obviously isomorphic but they are not 
isomorphic to (a). Indeed, any isomorphism must carry the vertex 7 onto 
itself as 7 is the only vertex of valency 8. However, the valences of the 
vertices adjacent to 7 are (in cyclic order) 6,5,3,7,4, 7,3, 5 in (a) but 
6, 5, 3, 7, 5, 3, 7,4 in (b) and (c). 
Let T be a triangulation of M1. Denote by G(T) its graph, and by 
r = r(G( T)) the number of different embeddings G(T) + .J . Clearly, each 
of them is triangular. In Section 6, we establish 
THEOREM 2.3. z E { 1, 2, 3, 4, 6, 12). 
The set of different triangulations T’(G(T)) of M1 (i= 1, . . . . r), each with 
the graph G(T), is partitioned into, say q, isomorphism classes. Denote 
their cardinalities by r, (n = 1, . . . . q) in such a way that r1 > ... 2 r9. We 
define the variety of triangular embeddings of G(T) in Jv; as 
var(G(T)) := (r,, . . . . r4). 
The main result of this paper is the spectrum (of all possible values) of 
var(G( T)). Surprisingly, z, never equals three; therefore, if r(G) = 3 then at 
least two triangulations T’(G) have to be nonisomorphic. For example, for 
the graph G in Fig. 1, we have var(G) = (2, 1). 
3. THE IRREDUCIBLE TRIANGULATIONS 
By shrinking sh )V +u- ( an edge u +u ~ in a triangulation of a closed 
surface 9 we mean that this edge shrinks into one vertex u and the faces 
u + u - u and u + u- w  meeting this edge degenerate into two edges uu and VW. 
The inverse operation is splitting sp(u, u, w) along the edges vu and VW. An 
edge is called shrinkable if its shrinking produces another triangulation. 
Since no multiedges are allowed in a triangulation, we have 
PROPOSITION 3.1. A shrinkable edge appears in precisely two 3-circuits. 
A triangulation is called irreducible when it has no shrinkable edges. By 
successively shringking shrinkable edges in an arbitrary triangulation of 9, 
we obtain, sooner or later, one of the irreducible triangulations of 9. So 
every triangulation is generated from an irreducible one by some sequence 
of splittings. 
Barnette’s theorem [l] states that there are in all two irreducible tri- 
angulations of Jv;. Denoted by B’ and B2, they are shown in Fig. 2. Table 
I presents all the triangulations T’(G(B”)) of X1 (s = 1,2) determined in 
[3,4]. Each ith line should be understood as a permutation Bi of the 
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B’, r=12 B2, -r=6 
6 1 3 7 
FIGURE 2 
respective 1st line, and the 1st line itself associates with the identity 
permutation tY1 of the vertex set of B”. Each Bi specifies T’(G(B”)) as the 
triangulation of H,, with the graph G(B”), which has a face uuw provided 
B” has a face #;‘(u) O;‘(u) O,‘(w). In particular, T’(G(B”))= B”. 
EXAMPLE 3.2. T12(G(B’)) has a face 146 because B’ has a face 6;‘( 1) 
O;‘(4) O;‘(6) = 143. These two triangulations are different indeed as B’ 
has no face 146. 
Thus, var(G(B’)) = (12) and var(G(B*)) = (6). 
The results of [3,4] entail the following simple fact. 
PROPOSITION 3.3. The automorphism group of the triangulation B”, 
s = 1, 2, acts transitively on the face set qf B”. 
TABLE I 
W’) G(B2) 
1) 123456 1) 1234567 
2)123465 2)1234657 
3)123654 3)1235467 
4)123645 4)1235647 
5) 123564 5)1236457 
6) 123546 6)1236547 
7)124356 
8)124365 
9) 124635 
10) 1 2 4 5 3 6 
11) 1 2 6 3 4 5 
12) 126435 
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4. SPLITTINGS 
Let T be a triangulation of X1 and T, = sp(u, u, w)(T). 
LEMMA 4.1. For each i E (1, . . . . z(G(T,))}, there is a unique 
jE { 1, . ..) z(G(T))} such that 
sh)u+u-((T’(G(T,)))= T’(G(T)). (1) 
Proof In accordance with Proposition 3.1, the restriction of the trans- 
formation sh )u+u- ( of a triangulation Ti(G( T,)) to its graph G( T, ) 
comes to the following: the edge u+u- is replaced with a single vertex u 
adjacent to those vertices which were adjacent to u+ or u ~ in G( T, ). Thus, 
by restricting the transformation sh )u+u- ( of T’(G(T,)) to G( T,), we get, 
independently of i, the graph G(T). Hence, sh)u+u- ( (T’(G(T,))) is a 
triangulation with the graph G(T), that is, Tj(G( T)) for a certain j 
(corresponding to i). [ 
We say that a triangulation Tj(G( T)) is preserved under splitting 
sp(u, u, w): TH T, if Eq. (1) holds for some i. 
LEMMA 4.2. z(G( T, )) is equal to the number of triangulations Tj(G( T)) 
preserved under splitting sp( u, u, w  ) : T I-+ T, . 
Proof: By Proposition 3.1, the edge u+u- appears in precisely two 
3-circuits-(v”, u-, U) and (u+, up, w)-of G( T, ). Hence each T’(G( T, )) 
must have faces u +u-u and u + u-w. Thus, owing to Lemma 4.1, for each 
i there is a unique j such that T’(G( T, )) = sp(u, u, w) (Tj(G(T))), and the 
lemma follows. 1 
COROLLARY 4.3. T cannot increase by splitting. 
We say that adjacent edges vu and VW are neighbouring around their 
common vertex u in a triangulation T if the vertex u is adjacent to w  and 
the 3-circuit (u, u, w) bounds a face in T. 
Note that the splitting sp(u, u, w) along neighbouring around u edges vu 
and uw in T is equivalent to the stellar subdivision of the face uuw in T. 
LEMMA 4.4. Let uu and uw be neighbouring around v edges in a triangula- 
tion T. Under the stellar subdivision sp( u, u, w ) : TH T, , a triangulation 
Tj(G( T)) is preserued if and only if it has the face uuw. 
Proof The “if” part is obvious. To prove the “only if” part, we assume 
that Tj(G( T)) is preserved under sp( u, v, w  ) : TH T, . Note that the two 
new vertices appearing instead of u after splitting sp( u, v, w  ) may be 
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denoted by v+ and v- in two ways. Let us denote, for certainty, by v+ that 
one which has valency three (and therefore lies inside the 2-cell bounded by 
the 3-circuit (u, v -, w) in T, ). Then each T’(G( T, )) must have faces 
v+v-u, v+uw, and v+wv- since each of the edges v+ up, V+U, and v+ UT 
appears in precisely two 3-circuits of G( T,). Hence, due to Eq. (1) the 
3-circuit (u, v, w) bounds a face in T’(G( T)). 1 
5. *-TRIANGULATIONS 
Let T be a triangulation of NI and *(T) be some non-empty subset 
of its face set. We call the pair (T, *(T)) a triangulation with *-faces 
or, briefly, a *-triangulation. Denoted by Bs and Wi, thirteen important 
*-triangulations (B”, *(B”)), s = 1,2, are shown in Figs. 3, 4, 5 with their 
*-faces marked with *. Two *-triangulations (Tk, *(Tk)), k = 1,2, are 
called isomorphic or sometimes *-isomorphic (to indicate explicitly that 
we say about *-triangulations) provided that there is an isomorphism 
4: T,+T2 such that uvw~*(T,) iff qS(u)q5(v)qS(w)E*(Tz). 
Let r*(T, e(T)) denote the number of different triangulations of Nr, 
each with the graph G(T), each having all the faces of *(T). Now we 
demonstrate how 7* is calculated. 
B;, T*= 6 B;, t*= 4 
FIGURE 3 
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FIGURE 4 
EXAMPLE 5.1. Consider Bi (Fig. 4). With help from Table I, we see that 
only the triangulations T’, T2, T3(G(B2)) have all the *-faces of Bi ; e.g., 
T4(G(B2)) has no face 134 as B2 has no face O;‘(l) O;‘(3) O;‘(4)= 136. 
Thus, T*(B;) = 3. 
LEMMA 5.2. Any *-triangulation (B”, *(B”)), s= 1, 2, with z*(BS, *(B”)) 
> 2, is isomorphic to one of the thirteen *-triangulations shown in Figs. 3,4, 5. 
Proof: The verification being easy but a bit too tedious, we expound 
FIGURE 5 
w:, t*= 3 
3" 7 
x4* 
5 1 2 5 439 *6 
7 3 
3 ' 7 
x4 
5 1 2 
@ 
5 
% 
* 
7 3 
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only the idea of our procedure. Consider B’. Due to Proposition 3.3, 
marking (with *) any one of its faces gives a *-triangulation isomorphic 
to B: (see Fig. 3). At the second step, we mark, one by one, the other faces 
of Bi and thus obtain *-triangulations with two *-faces. Then we calculate 
z* for each of them (as in Example 5.1) retaining only those with 
t* > 2. Analogously, at the mth step, we mark one more face in each 
*-triangulation, with m - 1 +-faces, retained after the (m - 1)st step 
(trying successively those faces which are not yet marked), pick out the 
*-triangulations with z* > 2, and so forth. Moreover, at every step, we 
retain only mutually nonisomorphic *-triangulations. Finally, we get B:, 
B:, B:, and Bi. 1 
6. THE SPECTRUM OF t 
We define a non-trivial triangulation of a face uvw to be a triangulation 
with at least one vertex inside uuw (no vertices, except for U, v, and w, on 
its boundary being possible), and a triangulation of type t E ( 1,2, . . . . 7) to 
be a triangulation obtainable from B;, for some s, or from W;, for some 
r (see Figs. 3,4, 5) by non-trivially triangulating all its *-faces, i.e., by 
replacing them with non-trivial triangulations of themselves. 
PROPOSITION 6.1. The type of a triangulation is invariant under 
isomorph~sm. 
ProoJ: Suppose triangulations Tk (k = 1,2) are obtained from some 
*-triangulations iJk E (B;, W;} by non-trivially triangulating all their 
*-faces. Note that an edge of T, is possessed of the property to appear in 
precisely two 3-circuits provided that this edge lies inside a *-face of Uk. 
Hence any isomorphism 4: T, + Tz (if such exist) carries the triangulated 
*-faces of U1 onto those of Uz. Therefore the restriction of 4 to the 
vertex set of U, is a *-isomorphism U, + U,, whence U, = Uz since the 
*-triangulations in Figs. 3,4, 5 are all nonisomorphic. 1 
It is not so hard-see [3,4]-to determine all (up to isomorphism) 
triangulations T of ,rS, obtainable from B” (s = 1,2) by one splitting, as 
well as their numbers r = r(G( T)). These results imply 
PROPOSITION 6.2. z(G(sp(u, v, w)(B”)))>2 ifand only ifsp(u, u, w) is 
a stellar subdivision. 
Having arbitrarily fixed on one face uvw of B” (s = 1,2), we set 
B’, := sp(u, v, w)(B”). 
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Due to Propositions 6.2 and 3.3, Bi is the only (up to isomorphism) 
triangulation, with r > 2, obtainable from B” by one splitting. 
A pair of edges yx, yz is said to intersect the boundary of a 2-cell %’ 
transversally provided that the vertex y lies on the boundary of %?, the edge 
yx lies inside %? but yz lies outside Q?:. 
It is not hard-see [3,4]-to determine all triangulations, together with 
their numbers r, obtainable from B”, by one splitting along such edges y.x 
and yz those intersect transversally the boundary of the face uvw stellarly 
subdivided. It turns out that 
PROPOSITION 6.3. r(G(sp(x, y, z)(B;))) < 2 zf the edges yx, yz intersect 
transversally the boundary of uvw. 
LEMMA 6.4. Any triangulation T of 4, with z(G( T)) > 2, is either B’ or 
B* or of type t E { 1, 2, . . . . 7 } . 
Proof. By Barnette’s theorem, T is generated from B” = B’ or B* by 
some sequence (sp,} of splittings. Note that some of the faces of B” may 
be triangulated as a result of applying the splittings of {spm} although B” 
itself has no triangulated faces; for example, a face uuw would be stellarly 
triangulated by sp(u, v, w  ). In view of Propositions 6.2, 6.3, and 3.3, every 
splitting along the edges of B” not neighbouring around their common 
vertex in B” or along the edges intersecting transversally the boundary of 
a triangulated face of B” causes r d 2. Thus each sp, must be either the 
stellar subdivision of a face of B” or the splitting along the edges both 
belonging to one and the same triangulated face of B”. In the latter case, the 
splitting comes to altering the triangulation only within one triangulated 
face of B” and therefore it does not affect r. Let *(B”) = {the faces of B” 
triangulated under {spm} }. Due to Lemmas 4.2 and 4.4, r(G( T)) = 
z*(BS, *(B”)). Lemma 5.2 completes the proof. 1 
Now, observing the numbers r in Fig. 2 and r* in Figs. 3,4, 5 gives 
Theorem 2.3 as a corollary. 
7. THE SPECTRUM OF var 
THEOREM 7.1. Given an arbitrary triangulation T of 4, its graph G( T) 
belongs to one of the eleven series in Table II, according to the value of 
var(G(T)). 
Furthermore, Series I consists of the graph G(B’ ) only, and the other 
series are all infinite. 
Proof Infinite sets of triangulations T of N1 are constructed with 
var(G(T))= (2) in [S, 33, and with var(G(T)) = (1, 1) in [S]. Thus, we are 
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TABLE II 
Series I II III IV V VI VII VIII IX x XI 
var (12) (6) (4) (232) (231, 1) (Ll. 1, 1) C&l) (1, Ll) (2) (1,l) (1) 
to consider the case t > 2. By Lemma 6.4, our job is to investigate the 
triangulations of types 1, 2, . . . . 7, with B' and B2 studied in Section 3. 
We will triangulate *-faces uuw in the special manner illustrated in Fig. 6. 
By successively adding vertices on the path w  [resp., on m, or on 
u, o,], together with some edges (Fig. 6), we can increase the valence of the 
vertex u [resp., of u, or of w]. Thus we are able to manipulate the valences 
of the vertices U, u, and w. We call such a triangulation of uuw symmetrical 
when the valences of U, u, and w  are equal (within uuw). Further, we say 
that we triangulate the *-faces of some *-triangulation uniformly if we 
triangulate each of them symmetrically and, moreover, each in the same 
way. 
Type 6. We depict in Fig. 7, with help of Table I, the r* = 3 different 
triangulations Ri(G(B')), i= 1,2, 3, each of which has all the *-faces of Bz. 
We mark them (with *) in each Rd, too. (Compare with Fig. 1.) Let T be 
an arbitrary triangulation of type 6. Due to Lemmas 4.2 and 4.4, every 
triangulation T'(G( T)), i = 1, 2, 3, i s obtainable from an appropriate 
*-triangulation Ri by replacing its *-faces uuw with some triangulated 
u W 
FIGURE 6 
206 SERGE LAWRENCENKO 
4 
2 3 
* 4 * 
5 7 1 
@ 
5 
6* 
* 
3 2 
FIGURE 1 
triangles d(uuw) independent of i. We denote this by T’ = A(&). Note that 
at least one triangulation of the pair 4(134), 4(247) and at least one of the 
pair 4(167), 4(236) must be non-trivial (for otherwise T would not be of 
type 6.) Taking this observation into account, together with the argument 
of the proof of Proposition 6.1, we conclude that the restriction of any 
isomorphism T’ + Tj (if such exist) to the vertex set V(R’,) is a 
*-isomorphism Rd + Ri. Thus there exist no triangulations T with 
var = var(G( T)) = (3) as Ri is *-isomorphic to Ri but not to RA. By 
uniformly triangulating the *-faces of Ri (= Bi), we generate (infinitely 
many) triangulations with var = (2, 1). By judiciously triangulating the 
*-faces, we can make the valences of the vertices of RA all distinct. This 
generates triangulations with var = (1, 1, 1). 
Type 7. This is, in essence, already considered because B: is 
*-isomorphic to Ri. 
Types 3 and 4. These are treated similarly to Types 6 and 7. 
Type 2. Draw, as in Fig. 8, the z* = 4 different triangulations 
Ri(G(B’)), i = 1, 2, 3,4, which have all the *-faces of Bi. It is not difficult 
to verify that all the *-isomorphisms 
Ri -+ Rl are 
11/l= (13)(2)(45)(6) and $2 = (14)(2)(35)(6), 
R: + R: are all 
$3 = (1WfW)(f4 and +1, 
Ri + R: as well as Rs + R: are all 
h= (13)(2)(4)(5)(6) and 42 = (1534)(2)(6). 
Analogously to the case of type 6, our basic idea is that the restriction 
of any isomorphism T’=A(Ri)+ Tj=A(Ri) to V(Ri) has to be a 
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FIGURE 8 
&omorphism Ri --t R;. Thus there are no triangulations with var = (3, 1) 
since #1 and & exhaust all the Asomorphisms Ri + R: and, as luck would 
have it, also all the *-isomorphisms R: + R:. Uniformly triangulating 
the *-faces of R: (= Bi) generates triangulations with var = (4). By 
triangulating the *-faces in such a way that the valences of the vertices of 
Ri become all distinct except for the vertices 3 and 1, we generate 
triangulations with var = (2,2) because only d1 is the transposition (13) 
among the Gsomorphisms between the RFs. Besides, again by judiciously 
triangulating the *-faces of Ri, we can make 
(i) the valences of the vertices of Ri all distinct, except for val( 1) = 
val(4) # val(3) = va1(5), and 
(ii) the number of edges meeting the vertex 6 inside the *-face 136 be 
equal to the number of edges meeting 6 inside 456. 
Then the restriction of an isomorphism T’ + Tj (if such exists) to V( Ri) 
is necessarily $*, whence only T’ and T’ turn out isomorphic. This way we 
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generate triangulations with var = (2, 1, 1). Finally, making the valences of 
the vertices of Ri all distinct generates triangulations with var = (1, 1, 1, 1). 
Type 5. This is treated similarly to Type 2. 
Type 1. The above argumentation applies to this case as well, and 
the theorem follows owing to the simple fact that the automorphism group 
of the triangulation B’ acts transitively on the flag set of B’. (A j7ug of a 
triangulation means a triple having the form (a vertex u, an edge UU, a face 
vuw).) 
The proof is complete. 1 
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